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A PRIORI ESTIMATES FOR A GENERALISED 
MONGE-AMPERE PDE ON SOME COMPACT KAHLER 

MANIFOLDS 

VAMSI P. PINGALI 


Abstract. We study a fully nonlinear PDE involving a linear combination 
of symmetric polynomials of the Kahler form on a Kahler manifold. A C° 
a priori estimate is proven in general and a gradient estimate is proven in 
certain cases. Independently, we also provide a method-of-continuity proof via 
a path of Kahler metrics to recover the existence of solutions in some of the 
known cases. Known results are then applied to an analytic problem arising 
from Chern-Weil theory and to a special Lagrangian-type equation arising from 
mirror symmetry. 


1. Introduction 

Consider the following fairly general equation on a compact Kahler manifold 

(*»■ 

n 

(i) = 

k =1 

where ak > 0 are closed smooth positive (fc, fc)-forms such that ak 0 > 0 for 
at least one fco (in particular, ko can be equal to n), <j> is a smooth function 
such that = u + > 0, and u> satisfies the so-called “cone condi- 

n 

tion” nuj n ~ l — — k)ak A lj n ~ k ~ 1 > 0 and the consistency condition 

k =1 

n p 

/ ak A u n ~ k . Our notion of positivity of (p, p)-forms is explained in section [2] 
fe =1 ^ 

Notice that if ak = SknV then equation [T| boils down to the Calabi-Yau theo¬ 
rem [23] ■ hi hs full generality, equation |T] and its cousins arise in the represen¬ 
tation problem of Chern-Weil theory HU, canonical metrics in Kahler geometry 
EU El DU HI EDI H i, symplectic geometry [T8] and mirror symmetry in string 
theory na [is]. So far, in most places where it has been studied a flow technique 
(like the J-flow) was used to study it. In Wei Sun’s paper .20] the method of con¬ 
tinuity was used but it used non-Kahler metrics to prove openness. In this paper 
we aim to prove a priori estimates and solve [T] in some cases. 

Our first result is an a priori C° estimate on <j> under general assumptions (propo¬ 
sition EH). We remark that a paper of Szekelyhidi m deals with an equation that 
overlaps with the generalised Monge-Ampere equation in some cases (like the J-flow 
case). In m the ABP estimate is used to prove a C'°-estimate but we use Yau’s 
Moser iteration argument. In the course of setting up the method of continuity we 
indicate a proof of a theorem (theorem 1.4 in [2D] when is a constant which is also 
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a theorem of Fang-Lai-Ma mi) in remark 12.41 using a method of continuity that 
uses only Kahler metrics. This may potentially be of independent interest. Then 
we proceed to prove a gradient estimate for [T] in a special case. 

Theorem 1 . 1 . Let (X, u>) be a compact Kahler manifold. Assume that \ is another 
Kahler form such that x has non-negative bisectional curvature. Assume that a = 

N 

/x" -1 + (— E fa^a A is a closed smooth (n — l,n — 1)- 

a= 1 

form (N is an arbitrary natural number) which satisfies — Ca < Vjq < Col for 
all real x~ un it vectors X, where f > 0, f a > 0 are smooth functions, <F Q are smooth 
{n — 1,0) -forms, C > 0 is a constant, and V is the canonical connection induced 

by x- Let q > 0 be an ( n,n)-form. Assume that J u> n = J a Aui + J q and that 

nco n ~ 1 — a > 0. For a smooth function <fi, denote = ui + y/—lddf. Consider the 

equation. 

(2) = a A + T], 

The following hold. 

(1) Gradient estimate A smooth solution <f> of equation^ satisfies H^Hc 1 < C 
where C depends only on the coefficients. 

(2) Partial Laplacian estimate and existence If a is parallel with respect to x 
then a : ^ < C. In addition, if a > 0, i.e., if f > 0, then a unique smooth 
solution exists satisfying > 0 and nwj -1 — a > 0. 

Remark 1.2. The existence part of theorem 11.11 actually follows from a far more 
general theorem of Wei Sun [1201 . However, the a priori estimates are new in 
the case of a being degenerate. This is perhaps the main point of the theorem. 
The assumptions of theorem 11.11 might look restrictive but actually even as stated 
the technique used to prove them might potentially be useful in (18l where similar 
assumptions are in force (essentially [18] deals with domains in K” but the difficulty 
is that the equation there is degenerate elliptic). 

In situations involving equations like |T] dealing with the J-flow or in the special 
case of [T] mentioned in remark [2~i1 one can actually avoid the gradient estimate by 
proving the laplacian estimate directly. In fact, thanks to the work of Tosatti and 
Weinkove [22] . just proving the estimate A</> < Ce A ^~ lni ^ is enough to guarantee 
a C 2 bound on </>. Usually the technique behind proving such estimates is to use the 
maximum principle on an appropriately chosen function. For instance, one choice 
[20] is if = e w (A x <f + tr x oj) where w = —Af + f{(f) is chosen judiciously. This 
method was pioneered by Aubin [T] and Yau [23] . The major difficulty here is that 
in general, equation [l] is not a symmetric polynomial in the hessian. This problem 
is exacerbated if we allow a*, to be degenerate. Therefore it is not clear that some 
inequalities in the spirit of naiicEii work in this setting. 

Independently, we apply the main result in [ 201 to prove two theorems. The first 
one deals with Chern-Weil theory. 

Theorem 1 . 3 . Let ( V,ho ) be a hermitian rank-k holomorphic vector bundle over 
a compact Kahler manifold ( X , w). Denote the curvature of the Chern connection 
of ho by Fq and define 0o = ■ Let p be an ( n,n)-form on X representing 
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the top Chern character class, i.e., [rj\ = [tr(0o)"]. Define the forms ai inductively 
according to 

a 1 =nfu- ^tr(0 o )^ 

“*■ = - 0 1 tr(e ° ,P + 0"’ “ § (p - ,') 

n— 1 

(3) o„ = |- tr(0 o )"+w n -Vaiw"" 1 . 

i=l 

Assume that there exists a hermitian metric constants Ci > 0, and a smooth 
function if such that a.i = CiX z ip and Yh°i > 0- -^Zso assume that oj satisfies 

n— 1 

nw"' 1 — — *)aiW ra_l_1 > 0. Then there exists a smooth metric h = hoe^ 27T ^, 

i= 

unique upto constant multiples such that the top Chern character form of h is r/, 
i.e., r) = tr(Q h ) n . 

Some examples of the applicability of a very restricted version of theorem 11.31 are 
given in m- 

The second one deals with a special-Lagrangian type equation motivated from 
mirror symmetry. 

Theorem 1.4. Let L be a holomorphic line bundle over a compact Kahler manifold 
(X,lo). Let 6 be defined by the equation Im([ui\ + 2iry/—lci(L)) 3 = tan(0)l?e([a;] + 

27T\/—lci(L)) 3 . Assume that tan(0) > 0. Also assume that there exists a metric 
ho on L whose curvature Fq is such that the (1,1 )-form f l = y/—lFo — wtan(0) 
satisfies 

(1) D > 0, and 

(2) n 2 — uj 2 sec 2 9 > 0. 

Then there exists a smooth metric h = hoe~^, unique upto constant multiples sat¬ 
isfying 

(4) Im (cv — F^) 3 = tan (9)Re (w — F|) . 

We remark that since the theorem 11.41 does not require non-negative bisectional 
curvature, it is in some cases more general than the result in [13]. In particular, it 
may be applied to the Calabi-Yau 3-folds that are of interest to physicists. We give 
an example in section [5] 

Here is a more detailed outline of the paper. In section [5] we set up the method 
of continuity, prove uniqueness and a uniform estimate, indicate a proof of the the¬ 
orem in [221, and also prove that upper bounds on uj</, lead to uniform ellipticity. 

Owing to the non-symmetric nature of the equation, this is actually somewhat non¬ 
trivial. In sections [3] and [4] we prove further a priori estimates in the special case 
of the equation in theorem 11.11 In section [5] we prove theorems 11.31 and 11.41 


2. Setup of the method of continuity and the uniform estimate 
Before proceeding further, we define a notion of positivity of (p,p)-forms. 
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Definition 2.1. Let (X,x) be a hermitian manifold. A smooth (p,p)-form a p is 

N 

(strictly) positive if a p = f\ p + (v^Mj p (—l)?!? -1 )/ 2 7^ f k $ k A <f>fc where / is a 

(strictly) positive smooth function, f k > 0 are positively smooth functions, and 
are smooth (p, 0)-forms. Moreover, we write a > 0 if a is positive and a > 0 if it 
is strictly so. 


Remark 2.2. Perhaps a more natural definition would be to require that a p define 
a hermitian non-negative bilinear form on A P T^ 1,0 ^X. However, one can easily see 
that this is equivalent to our definition. In particular, the wedge product of strictly 
positive forms is strictly positive. 


In order to solve [T] we employ the method of continuity. In whatever follows 
we assume that on (X,ui) for at least one value of ko, a ko > Suj k ° for a positive 
constant S. Consider the following family of equations parametrised by t £ [0,1]. 

n— 1 

(5) = * E afc A ui^~ k + a n b t c 1_t , 

k= 1 


where u}$ t = u> + y/—ldd<pt is a Kahler form, a k are d-closed positive (k,k)- 


forms and a n is a strictly positive (n, n)-form, c = 


jy 

/< 


, and b t is a normal¬ 


ising constant chosen so that the integrals are equal on both sides, i.e., b t = 



— t a k A ui 


n—k 


k =1 

T a " 


((1 — t)ui n + ta n ) 


T 


Thus b t c 1 * > 1. 


Let T be the set of t £ [0,1] where equation [5] has a unique smooth solution 


(f>t such that J <j) t u n = 0, > 0, and 1 — t^(n — k)a k A i 


%—k—l 


> o. r 


is non-empty because at t = 0 the equation is the usual Monge-Ampere equation 
which has a solution thanks to [25] . As usual, we need to prove that T is both, 
open and closed. 


Openness : Let C be the set of C 2 ' /3 zero-average functions <f> such that > 0 
where the background metric used to define the Banach spaces and the average 
is ui. We proceed to define a smooth map T from B (where B is an open subset 
of C x [0,1] such that nwj -1 — t]C(n — k)a k A ui^~ k ~ 1 > 0) to C 0,/3 top forms 


n— 1 


- 1Y u k ul 


n—k 


7 > 0 such that f j = 1. It is given by T(</>, £) = 


k =1 


Jui n -t 


n— 1 

E 

k =i ‘ 


The 


OLkW ' 


i—k 


derivative DT at the point (</> a ,a) evaluated on the vector (u, 0) is computed to 


be DT ( j, aja (u, 0) = 


(nuj 7 ^^ 1 -a^](n-fc)afcAw^ k 1 )A dd c u 


J ui n -aJ2 J' ot k u n 


It is easily seen to be a self- 


adjoint elliptic operator. By the Fredholm alternative, we can solve the PDE if the 


1 Unless specified otherwise, we use positive in the french sense to mean non-negative 
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right hand side is orthogonal to its kernel. Its kernel (by the maximum principle) 
consists of constants. Thus by the implicit function theorem on Banach manifolds, 
on the level set T -1 we can locally solve for <j> as a smooth function of t. 


Closedness : If tj —> t , we need to prove that a subsequence 0j —»• <f> in C 2,7 , 
> 0, and nwj ' 1 — t k)a k A > 0. By the usual bootstrap argument 

this implies that </> is smooth. The Arzela-Ascoli theorem shows that it is enough 
to prove a priori C 2 ’ 7 estimates in order to show convergence of ct>j -A f>. The 
following argument shows that the limiting </> satisfies the other conditions. 


Lemma 2.3. If H^Hc 2 < C, then uj ( f >j > Ruj > 0 and 1 — tj — k)ak A 
UJ 0~ k ~ 1 — -Rw n ~ 1 > 0 where the positive constant R depends on C. 


Proof. Recall that by assumption a ko > Suj k ° for some ko and some constant S > 0. 
Equation [3] implies that 


1 > 


u k ° A uj n ~ ko 

5 -^— 


^ gko\(n — ko)\ 


n\ 


1 

■ • ^**0 


where A* are the eigenvalues of with respect to u>. Hence we see that . > Ruj 
for some R > 0 depending on the upper bound on . Indeed, if the smallest 
eigenvalue Ai (with respect to uj) of uu. becomes arbitrarily small then the right 
hand side of the equation above becomes arbitrarily large because . is bounded 
above by assumption. 

Likewise, at an arbitrary point p , let v be a unit (l,0)-form with respect to to. 
Choose coordinates so that ujj )j is diagonal with eigenvalues 1 and v = c-J—s; at p. 
Note that c is bounded below and above because ou. is. Then 



tj Y^ n - ti)ak A k 1 j A v A v = c 2 1 - t 3 Y( n - k)a k A k M 


2233. ..nn 


= c 2 n\-c 2 tjY Y (n-k)\(a k ) I0 

k |J|=n-fc-l,10(J,J°) 


where if the multi-index I = (ii,..., i n - k - i) then 7° is the multi-index consisting 
of k other numbers in 1,2,... ,n. Equation [5] implies that 


n ' = t jY Y (.n-k)\(a k ) v o 

k \V\=n—k 

=> n! — tj "Y^ Y ( n ~ k)\(a k ) l0 =tjY Y ( n - k )-( a k) w ° 

k |7|=n-fc-l,10(J,/°) k ]W\—n—k,10W 

> tj5(n — ko)\ Y (“ ko ) w o>R- 

\W\—n—k o ,10W 


The last equation implies that 0 . 1 ^ tj Y^( n ~~ k ) a k A u)q. k 1 jAv/\v>R 

for some R > 0 depending on the upper bound on ujj ,.. □ 

Remark 2.4. At this juncture, if in equation Q] we substitute a k = fj e c k x k V 1 < 
k < n — 1, a n = (c„ + e)x n (where y is a Kahler metric), such that c k > 0 V 1 < 
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k < n, e > 0 and ip e 


f UJ n_ J {e + Cn)x n 



n 

are constants such that Ck > 0 and 
k =l 


k= l* 


c kX k Aco n , then the C 2,7 a priori estimates in edi® guarantee that 


the resulting equation has a smooth solution </> e . We note that the a priori estimates 
up to the second order in EDI IS] do not depend on e. Actually, using the Evans- 
Krylov theorem and the fact that (by lemma [2731) the equation is uniformly elliptic 
we have C 2,7 a priori estimates independent of e. Therefore, upto a subsequence 
<j) t —> <j> in C 2,13 as e —> 0. Hence we recover the main theorem in (20] in the 
Kahler case via a continuity path that passes only through Kahler metrics and 
more importantly, openness is easy to prove (as opposed to ED])- 


As mentioned earlier, lemma [2731 shows that all we have to do in order to solve 
equation[l]is to prove a priori C 2,7 estimates on <f>. We prove a general C° estimate 
on <j) here. 


The uniform estimate : Before proceeding further, we prove a lemma about 
concavity of certain potentially non-symmetric functions of the Kahler form. 

Lemma 2.5. The function oj —> akAu ri — is a convex function of Kahler forms if 
a k > 0. 

N 

Proof. Recall that a k = f\ k + \f —I (—l ) n ( ra_1 )/ 2 ^ a Iq where /, fi > 0. 

i-1 

Choosing normal coordinates for \ we see that ui —> f -—— s — is convex by standard 
theory. Furthermore, let ui\ and W 2 be two Kahler forms. At the point under 
consideration choose coordinates so that io\ is Euclidean and UJ 2 is diagonal with 
eigenvalues A j. Therefore for some positive constant C we have, 

(6) 

AK A (tuji + (1 — t)uj 2)"~ fc _ „ v- a 1 _ ft + (1 ~ _ 

(tui + (1 - t)w 2 )» “ ' l,I ° (t + (l-t)X 1 )...(t + (l-t)X n )' 

It is now easy to deduce the desired result from expression [G] and the fact that 
det 1 ^- ) is convex as a function of positive-definite matrices A. □ 

Proposition 2.6. A smooth solution of equation]]^ satisfies ||<?!>||c°(ac) < C where 
C depends only on ui, bounds on the coefficients of the equation, and the positive 
lower bound on a ko ■ 

Proof. We follow Yau’s by-now-classical [23] technique adapted from m- In what¬ 
ever follows, unless otherwise specified, all controlled constants are denoted by 
C. Without loss of generality we may change the normalisation of </> so that 
sup<(> = — 1. Let (f> = —f)-. We will find an upper bound on </>_ using Moser 

n 

iteration (as usual). Let 0 = uj n — A w n ~ k - Subtracting 0 on both sides 

k =l 
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IL 

from ak = 0, multiplying by (j) p _ and integrating we see that 

k= 1 

LI! 1 -i akA <~ k ) dt - ° u ~^ 



\Lp 


k=l 


\ k =1 

< c{p + 1)2 u_r LP <c( P +i)\\^r LP . 


At a point q we choose coordinates normal coordinates z l for oj so that d(f>- is 
a 


proportional to Apt. This means that at q 

ii f n \ 

d£r A dcfT A - J 2 (n - k)a k A 


\ k =1 

= d(j)_ 2 < 9</>_ 2 inuj ^ _1 — — k)ak A 


a;. 


i — k — 1 
tcf) 


k=l 


p+i _ p+i / _\ 

d^d<t>— (nw;- 1 ) 


(Etn^KA,;- 4 - 1 ), 


1 - 


fe=l 




V 


/ 


Now we restrict ourselves to the subspace spanned by 82, ■ ■ ■, d n . To emphasize this 
we denote the restriction of any form /? by j3. Now we proceed as in [20]. Note that 
= tuj$ + (1 — t)u> and that det(A) 1 / n is concave as a function of positive-definite 
n x n matrices A. Therefore > t n ~ 1 u>^ 1 + (1 — f) n_1 tb n_1 . Likewise, lemma 
12.51 shows that 


(' y^X n ~ k)a k A k 1 ) 2 2 .. 


1 - 


k=1 


(' nuJ td> )-22 


+ (1 - t) 


> t 


/ n \ 

' ^(n ~ k)a k A w n_fe_1 

\ 1 


- n— 1 


V 

/ ” \ 
y^(n — fc)dfc A uj n ~ k ~ J 

^ _ fc=i _ 


/ 


Therefore, 


n 


1 f , - P+ 1 - P+ 1 / . 

- / \/^I< 9</>_ 2 A < 9</>_ 2 A I nuj n — — fc)afc A 

+ 1 Jx \ fc =i 

=> ||V(^ +1)/2 )||^2 < C(p + 1)110-Hi*. 


^-‘- 1 <C(p + l)||0_|| 
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From the this point onwards, the proof is standard. (See [16] for instance.) □ 
Uniqueness : If (j)\ and 4 >2 are two smooth solutions of equation |T] such that 

/ r. n— 1 

< fauj n = / fauj n , u} ( j )i > 0 and nuj -1 — ^^(n — k)ak A > 0, then upon 


subtraction we get 


k =1 


f 1 d ( n xr A n-k \ 

J Q dt l 1 ^*01 + (l-i )02 Z^ akA W t 01 + (l-t )02 J 


dt = 0 


(7) 


n— 1 


_L /"1 --£( n — fc)afc A w, 


n-i 

L/ i 0 i + (l-t )02 


-fc-i 

i 0 i+(l-t )02 


dt J A x/—199(^1 — (^ 2 ) = 0 


fc=i 


The proof of proposition 12.61 shows that equation [7] is elliptic. Thus the maximum 
principle implies that 4 >i = </> 2 - 


3. The gradient estimate 

From now onwards we restrict ourselves to solving a special case of equation |T] 
on the Kahler manifold (X, ui ) where to satisfies the cone condition. Firstly, let 
< X < bu be an arbitrary Kahler metric on X having nonnegative bisectional 
curvature. As mentioned in the introduction, we aim at solving 

( 8 ) wj = a A + 77 , 


N 

where a = fx nl + ^ fa&a A <b a and p > 0. In addition we assume that — Ca < 

a= 1 

Vxa < Ca where X is a real yuah vector. Also, from now onwards we write 
V = h X n where h > 0 is a smooth function, a A /? locally as x" A fez /3 fez - f° r a non¬ 
negative matrix A, and w locally as u> i jdz l dz - J where ui is used (by abuse of notation) 
to denote both, the Kahler potential as well as the metric itself. 

In order to prove a gradient bound on 0 we use Blocki’s technique [2]. Denote 
by V the Levi-Civita connection associated to Let ^ = ln(|V0| 2 ) — 7 (</>) where 
7 (t) = ^ln( 2 ai + 1 ) is chosen so that 7 ' > E > 0 and —( 7 ” + {x') 2 ) > Q > 0 
for two positive constants E and Q. At the maximum point p of ip, SZip = 0 
and ip k i is negative semi-definite. Without loss of generality we may assume that 
|V^|(p) > N for any N. Choosing normal coordinates for x P so that oj 4 is 
diagonal with eigenvalues A i we obtain, 


(9) 

kl(P ) 


4*ik4*i + 

° = ‘ | V0 |2 - 


-( 7 ” + 1 <t>kl + 


Y. (friklfa + 4>ik(kl + (kkrf’il + fatfrikl 




|V0|2 
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Rewriting equation [8] as 1 = differentiating once, and multiplying by <fe, 

UJ (i> 

at the point p we obtain the following (after using the assumption on Va). 

(10) 0 > -L kI fo (u kTi + </> kTi ) - CWI 

. Multiplying equation [9] by L kl and using equation [TUI 


A kl , 4 
Ai...A„ ^ \ k 


where L kl = — 
we obtain, 

( 11 ) 


0 > QL (j) k (t>i — 7 L ( w </0fci +7 co kl + L 


|V0| 2 


N L kl {Uklifa + w fcZi^i) 

iwp 


c 

W\' 


Noting that 1/ (< w + n (which is larger than n — 1 and less than n), 
and the assumption on the bisectional curvature X a pp > 0 V a, /3 we get 


0 > QL kl cj) k (j)i + 7 L Kl u k i - 7 In- 






-2 


|L fcJ Vw, 


fell 


C 


|V0| |V0|- 


Now we multiply on both sides by and define L kl = -^fL kl = A kl — S kl Al ’ A 
We get 

C 


0 > QL kl (j) k (j) l + (7 — L kl u kl — 7 (n(h + A kl (u^) k i) — A kl {uj^) k ^ - 


A k 

Cu U 


|V0| 


C>QL fc Wl + (7 - 


C 

m 


— dl " Wfci + 


nu" 1 w 


Ml 


(h + A" 


( 12 ) 


-(n-lb^ 4 {^4>)kl- 


C(h + A fci (q;0) fc j) 
|V0| 


Note that inequality [T3] implies that at p, the expression —Ai— is bounded above. 

At p if we can prove that L kl > T\ kl > 0 then we will have a gradient estimate on 
<fi. Actually, if we manage to prove that A x </> is bounded above, then by lemma 12751 

we are done. If we just prove that —^— > n — 1 + e for some uniform positive 
constant e then inequality [T2] implies that is bounded above and hence by the 
lower bound on uj^ so is A x cf> above. Indeed, the following lemma coupled with this 
observation completes the proof of the gradient estimate. 


Lemma 3.1. If at a point q, > Ru> > 0, A x (, 
for some uniform positive constant e. 


then 


> n - 1 + e 


Proof. Without loss of generality we assume that Ai > A 2 ... A„. Equation[5]implies 
that at least A„ is bounded above at p. Notice that the cone condition implies 

(13) (riuj n ~ 1 ) 2 2 ... n n > n\A n . 

By the classical Hadamard inequality for matrices (see [7] for instance) w 2 2 • ■ • <^nn > 
A” 1 )22. 


(14) 


-. Thus 


W 2 2 ■ ■ • Wnn > A . 
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/+ y A k ~ k 

Solving for Ai from equation [5] we see that Ai = ^ k f 1 _ 4 n • This coupled with the 
lower bound on the A^ and the assumption that Ai —> oo implies that A 2 ... A n —>• 
A W Therefore, 


- 



A k 

fe= 1 

^kk 

. l/(n~l) 

j 

~ 2 A k , 


E : 

fc=2 


At 


n 


c—'2^kk ) 


l/(n—1) 


A 11 J 

where we used the AM-GM inequality. Using inequality [TJ] we are done. 


□ 


4. Higher order estimates 

In this section we prove the partial Laplacian estimate. In addition to the as¬ 
sumptions in section [3] we assume that a is parallel with respect to y. 

Remark 4.1. It is but natural to wonder whether there are any forms a that 
satisfy the desired requirements other than multiples of y n_1 . If X is a complex 
torus and y the flat metric, then a = dz 1 A dz 1 ... dz " -1 A dz"" 1 furnishes a non¬ 
trivial degenerate example. In general, one can take a locally hermitian symmetric 
space or a product of any 2 manifolds with x being the product metric to produce 
lots of examples using (1, l)-forms. (Note that in our case we also need y to have 
nonnegative bisectional curvature.) In fact, it is known that on manifolds other 
than local products or locally hermitian symmetric spaces the only such forms are 
indeed multiples of y n_1 . According to Bryant [1], this result follows from the 
classification of Riemannian holonomy groups. 


Partial Laplacian bound : We now prove an upper bound on -t^r- As in 
fl7] we use the function ip = AAt _ ^ where p. is a constant that will be chosen 
later. If we prove that ip is bounded above then we are done. As before, at the 
maximum point p of *P, tP*, = 0 and 'Pis negative semi-definite. We choose normal 
coordinates for y at p and make sure that is diagonal at p with eigenvalues A i. 
Differentiation of *P yields the following. 


0 = V,.T = fc = - pcPk 

X 

* k T = _ 


J (p,kl 


x n 


- K^)ki + ^ki 


(15) 


> 
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Differentiating 1 = twice, multiplying by A kl and summing over k = l we 

< t> 

obtain 


(16) 


0 = 


n— 1 

Q^.fc nu} <i> r),k 


J 4> 

n— 1 


Q > _ A nu% V;Va^ _ ^^nuj^u^j _ ^ rjj nu% u^k V r V fc 7? 






, ,n , ,n 


Uj, 


(17) 
A kI auj, 


> 


(f),kl 


J^kl^, ,n— 1 




n 

Wj, 


-C 


aa;^ 


-A 


kl V,k nuJ </> V,l W 'M Ct) 






where we used lemma 12751 At this juncture we use equations 1151 and 1161 to get 

/ \ 2 


(18) 


C > 


A kl c 


J (j),kl 


J^kl^, ,n— 1 


, .n . .n 


We multiply equation [15] by L kl and sum to obtain (after substituting in EH 

C>-^c (^\1 - L kT ^) k T + W 




m V 


OiU)<f) 


^ n _1 ' 

raw,* u acu 


(19) 


= -C 


- n ~ + ( n - !) 


■/> / 


nw™ 1 w aw 


Since rj > 0 we know that is bounded from below. Moreover, 0 < ^r- < 1. 

W <t> 

TKjj n — ^ CO 

Therefore —^ < C. This implies a lower bound, > i?w > 0. Since we are 

assuming that A x c^ —> oo, 


C 


nw? 1 w 


a; 


n 


+ (i 


n) 





Using lemma HOI we see that > n — 1 + e for some uniform positive constant 

e. Therefore ^ > e. Choosing /x to be large enough we arrive at a contradiction. 
This proves the partial Laplacian estimate. 

In the case when a > 0 the partial Laplacian estimate implies an estimate on 

A x <t>- 


C 2,7 estimates : The previously established partial Laplacian bound when 
a > 0 implies by lemma 12.31 that the equation is uniformly elliptic. In fact, it 
also implies that 1 = -f JL i s uniformly elliptic. Lemma 12.51 implies that the 

M <t> ^4> 

equation is also convex. Thus the (complex version of) the Evans-Krylov theory 1 19* 
is applicable and furnishes a C 2,7 estimate. This completes the proof of theorem 

o 
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5. Applications 

5.1. Representation of the top Chern character. 

Given a (k,k) form rj representing the kth Chern character class [fr((0) fc )] of 
a vector bundle on a compact complex manifold (where = 0 and F is the 

curvature of a connection), it is natural to ask whether there is a metric h on the 
vector bundle whose induced Chern connection realises 

( 20 ) tr (0 fe ) = r]. 

As phrased this question seems almost intractable. It is not even obvious as to 
whether there is any connection satisfying this requirement, leave aside a Chern 
connection. Work along these lines was done by Datta in |Jf[ using the li-principle. 
Therefore, it is more reasonable to ask whether equality can be realised for the 
top Chern character form. To restrict ourselves further we ask whether any given 
metric ho may be conformally deformed to h = hoe~^ satisfying the desired require¬ 
ment. In the case of a line bundle L (where the only choice we have is conformal 
deformations) equation l20l boils down to the PDE 

tr ^0 O + = V 

When 0o > 0 and 77 > 0 this is the usual Monge-Ampere equation solved by Yau 
[23] , In general, one gets a complicated fully nonlinear PDE which reduces to equa¬ 
tion Q] in some cases. It is clear from the case of a line bundle that for the general 
case of a vector bundle, unfortunately quite a few potentially unnatural positivity 
requirements will have to be made on the curvature ©o and the form rj. Note that 
the local problem was dealt with in [T3J. In 117) an existence result was proven on 
complex 3-tori. Using the result in [20] we prove theorem 1 1.31 

Proof of theorem \1.3\ According to theorem 1.1 in [20] the equation 

n 

( 21 ) 

1 

on a compact Kahler manifold (X, cu) has a unique smooth solution 0, b satisfying 

n— 1 

> 0 and nuj -1 — if ^(n — i)cixf > 0 if there exists a smooth function 

i= 1 

v such that 

n 

( 22 ) 

i=i 


n 

and = e~ b ip where b is small enough for condition [221 to hold. This shows that 
under such circumstances, equation |2D has a unique solution with 6 = 0. Indeed, 


CiX l w n 1 and is closed, then one can choose v = 0 

l 


Actually, if / u n = if 


ix 
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expanding equations l3l and I2T1 (with b = 0 ) we get 

Ef")d r(es)( ^ =TaS d""-f=« 

n n—k / 7 

'n — k 


r—0 


E^(«r r -^EE 


CfcX 


r—0 


k =1 r —0 


r 


(V^idd^) n ~ k ~ r = 0 


(23) 


Comparing the two equations we get the desired result. 


□ 


5.2. A special Lagrangian type equation. 

According to superstring theory the spacetime of the universe is constrained to 
be a product of a compact Calabi-Yau three-fold and a four dimensional Lorentzian 
manifold. A “duality” relates the geometry of this Calabi-Yau manifold with an¬ 
other “mirror” Calabi-Yau manifold. From a differential geometry standpoint this 
maybe thought of (roughly) as a relationship between the existence of “nice” metrics 
on a line bundle on one Calabi-Yau manifold and special Lagrangian submanifolds 
of the other Calabi-Yau manifold. Using the Fourier-Mukai transform, Leung-Yau- 
Zaslow showed ng that this mirror symmetry implies that equation [I] ought to be 
satisfied in some cases. In [T3j, Jacob and Yau showed that given an ample line 
bundle L over a compact Kahler manifold with non-negative orthogonal bisectional 
curvature, L k admits a solution to equation [4] However, the assumption of non¬ 
negative orthogonal bisectional curvature is not desirable if one wants to apply such 
a result to general Calabi-Yau manifolds. Here we attempt to partially address this 
issue by restricting our attention to 3-folds. 

Proof of theorem 23: Equation H] can be written using 0 = y/^1F as 

—0 3 + 3w 2 0 = tan($) (w 3 — 30 2 w) . 

Grouping terms together we see that it is equivalent to 

(24) f— 3w 2 f2<£ sec 2 (0) — 2w 3 tan(0) sec 2 (6) = 0, 

where H + y/—Tdd(j) = 0o — <utan(0) + yf-fddef. Comparing this equation 

to the theorem in [20] we see that if f2 > 0, tan (9) > 0, and the cone condition 
fl 2 — w 2 sec 2 (9) > 0 is satisfied, then the equation has a unique smooth solution 
upto a constant multiple. □ 

The conditions imposed on H in theorem 11.41 are reminiscent of the “stability” 
condition in H3j. Here is a concrete example of a Calabi-Yau manifold where the 
theorem is applicable : 

Let X be CA x K where A is a projective K3 surface with Picard group generated 
by an ample line bundle L (for example K can be a non-singular degree 4 surface 
in P 3 . Let u> be the product of the flat metric on the torus and the unique Calabi- 
Yau metric in the Kahler class [L] + e[q] where [ 7 ] is any cohomology class and e 
is chosen to be small enough (as to how small can be determined easily) for the 
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example to work. Endow L with a metric ho with positive curvature Fq. Choose k 
to be large enough so that for (L fc ,/i§), tan(#fc) > 0. Indeed, 


tan(d fc ) = 


J (fc 3 03-3fc0 o (0o + e7) 2 ) 

(3fc 2 ©o(0 o + ey) - (0 O + ey) 3 ) 


So if k > 2 and e small enough, then tan(d) > 0. Note that as k —> oo, tan (6k) 
grows linearly in k. 

Notice that if ©o > 2wtan(0) then the cone condition is definitely satisfied for large 
enough k. Indeed, 

Hq — ui 2 sec 2 (0) = 0g + w 2 tan 2 ( 9 ) — 20 o w tan(0) — w 2 sec 2 ( 6 ) 

= ©o — 20 o wtan(d) — w 2 = ©o(©o — 2wtan (§)) — w 2 

Hence, our requirement boils down to making sure that fc©o — 2wtan(0fe) > 0 for 
large k. 


(25) kOo — 2wtan(0fc) = kO o — 2(©o + ey)- 


For large enough k we just have to look at 


j (fc 3 0 3 - 3fc©o(©o + e7) 2 ) 
(3/c 2 ©o(0 o + ey) - (©o + ey) 3 ) 


©n 


(26) 


fc©o - y^(0o + ey)- 


©o(©o + ey) 


which is obviously positive if e is small enough. 
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